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Certain Subgroups of the Betti-Mathieu Group. 

By L. E. Dickson. 



1. It was shown in the writer's Dissertation* that the transformation in one 
variable. 
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represents a substitution upon the marks of the Galois Field of order p nm if, and 
only if, the determinant 
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does not vanish in the Field. The totality of substitutions (A) form a group 
studied by Betti (for n = 1) and by Mathieu. This Betti-Mathieu Group was 
proven in the dissertation cited to be identical with Jordan's group of all linear 
homogeneous substitutions on m indices, 



£<'=2 a ^ 



(«= 1, . . . . , m) 



^=i 



belonging the GF [*"] . In setting up certain subgroups of the Betti-Mathieu 
Group, we make use of the following formula, holding for any integer h and 
quantity Xsuch that X p " m = X: 

2^Z»""-"[ =2Jf? 1 Z*-«- fl , (mod*), (1) 

i=i ' i=i 

where the subscripts to A i+k are taken modulo m. 



* Annals of Mathematics, pp. 65-120, and pp. 161-183, 1897. 
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2. Consider the subgroup of the Betti-Mathieu Group defined by the rela- 
tive invariant, in which B belongs to the GF \_p nm ~] , 

m — 1 

z=^(Bxy j . 

Applying to ^the substitution (A), we have, by (1), 

m~ 1 m — 1 f m , 

z>=^ ( B ^'T" J = 2 1 ■ BP "2 A f"i}^ pn{m ~" }• 

The conditions for the identity Z' = oZ are, therefore, 

m— 1 

2 BfJfi, = pJ BP»<— ", (• = 1, 3, m). (2) 

Raising (2) to the power p n and setting ?=/ + 1, we find 

m m— 1 

! = 1 !=1 

Changing the summation index from I to/, we have 

m— 1 

V .B^ J.f^_j = p p " j^"'"- < + 1 > (3) 

Aside from the factor o p '\ formula (3) is identical with the (i — l) Bt formula 
of the set (2). A condition for the invariance of the function Z is that the factor 
o satisfy the equation 

r=p- 

With this restriction upon p, all of the m formulae (2) are consequences of a 
single one of them, say that given by i = m . We may thus enunciate the fol- 
lowing 

Theorem : The totality of substitutions (A) for which 

m — 1 

p^B-^B^Af 

is a mark of the GF [p*] form a group whose substitutions multiply the function Z 
by the parameter p. 
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Note.— Since the function Z belongs to the GF\j> n ~\, the corresponding 
linear group is that subgroup of the general m-ary linear homogeneous group in 
the GF \_p n ~\ which leaves relatively invariant a certain linear function Z of the 
m variables. 

3. By way of illustration of the general developments of §4, we consider 
the special case of the group of substitutions in the GF [p 3ri ] on the variable X, 

X = A x X^ + A 2 X" n + A 3 X, 

which multiply by a parameter p the function 

Y=XX pn - + X**X**+ X>*X. 

To form the transformed function Y', we note that 

X'X ,pn = A 3 A\ n X* + (^" +1 + A z Af) X* n+1 + A, A^X**" 

+ (A, Af + A? +1 ) X"^ +1 + (Af +1 + A 1 Af) X" in+ ^ + A 1 AfX**. 

Raising this equation to the powers p n and^ 2 " and adding the three results, we 
find that the conditions for the identity 

T = X'X'v + X^X'**" + X'* 2 "X' = p Y 

are the following six relations : 

/= Ai n + 1 + A M n + A" K + -4f +p " + A* ,+ 1 + A*" A = p , (4) 

/*»= P , r= 9 , (5) 

A, AT + Af AT + Af" A 3 =0, (6) 

together with (6) raised to the powers of p n and p %n . 

Those substitutions in which the marks A u A z , A 3 of the #.F[p 3n ] satisfy the 
condition (6) and give to the function f a value belonging to the GF \_p n ~] , form a 
group having Y invariant up to the factor f. 

4. Consider the substitutions (A) of the Betti-Mathieu Group which leave 
relatively invariant the function 



m — l 

y, =2 (Bxy (oxy { - +j) , 



where B, G and X belong to the GF[p nm ~\ and s is any integer <m. We 
observe that 

ypn — y 
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so that Y s belongs to the GF[p n ]. Applying to Y„ the substitution (A) and 
making use of formula (1), we find that 



t, =2 (BX'y ( ox'y* i,+i) 

m — 1 1 .... m -v 

_ 2 Br* C p ° l,+J > 2 a T+j 4+V+j ^ p " """" -**" (M ~" j 

.7 = i, 1 

m i, 1 = 1 .... m 

: ^ Ai X 2p " " " " + 2 ^« ^ "" ~ " X ** '" ~ "' 



i=l i<J 

where we have used the abbreviations 



d w =2 5F " cpn{,+i) 4?+s4r+#j, 

3=0 
m — 1 

The subscripts to Z>«, like those to A it are to be taken modulo m . 

4j. Suppose first that s is neither nor m/2. The powers of X in the 
terms of Y s have, then, distinct exponents. We may write Y s in the form 

y s = 2 (&xy ( " -*-•»( oz ) p " ( " - " + 2 (£-£?" ( * - " ( cxy {, -». 

i=l <=] 

The identity Y' a = pY,, where p is a parameter, thus imposes upon the coeffi- 
cients Ai the following conditions : 

D u = o, (»=i, a, m) (7) 

Ai +s = p5 J '" (m-< ~' ) ,p " ( ""' , . (»=1, m — s) (8) 

Ai+—. = p^" ,M - <> C p " ( -", (* = 1 «) (9) 

n -o /*,?=! ,m;i<?\ , x 

Mi_u ' VJ**, »+«, ori + m— «J U ; 
We verify immediately that 

z)?r= a-i*-i. (ii) 

The conditions (7) thus reduce to a single one, as D n = 0. The conditions (8) 
are consequences of a single one, in view of (11), provided p satisfies the relation 
pP*=p. Similarly for the conditions (9). Further, we may verify that the p 
calculated from (8) equals f s as calculated from (9). Hence (8) and (9) reduce 
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to the single condition that the value for p shall belong to the GF \_p n ~\ ■ 
Finally, the \m(m — l) — rn conditions (10) reduce to \{m — 3) or \{m — 2) 
according as m is odd or even. Indeed, by (11), we may retain only the condi- 
tions Z>k = 0. From the symmetry of D u , it equals D K . Hence from Z> 1! = 
follows D u = 0, and by (11), A»i + g-i= °- 
The two equivalent equations of one pair, 

n _ ft T) _ n /Z=2 ,m, 14=1+8, N/ 12 s 

U u -0, A»+«-i-0. ^ l=f=l+m — s) \ l2 > 

are identical only when I = £ (rn + 2) , i. e., when m is even. The two equa- 
tions excluded in (12), 

would have formed a pair of equivalent equations. There remain \ (m — 3) 
pairs if m be odd and \{rn — 4) pairs with an additional middle equation if m 
be even. We have proven the theorem : 

For s =£ 1 4 Z — i the number of independent conditions upon the tn coefficients 

J.,- of a substitution (A) in order that it leave relatively invariant the function Y s is 

at most 

\(rn -+- l) for m odd, 

\(m+ 2) for m even . 
4 g . For s = , we may give T s the form 

m 

r =V (jbc) 1 """"" x 2p 



>n [m — t) 



The conditions for the invariance of F are, therefore, 

D u = p {BCT*-\ (i = 1, 2 ,m) (13) 

D u =0. (i,l=l,....,m;i<T) (14) 

As before, we derive from (13) the condition p p " = p, in virtue of which the con- 
ditions (13) reduce to a single one. The conditions (14) reduce to ^(m — 1) if m 
be odd, and to £ in if m be even. The above theorem, therefore, holds true if 
s=0. 

4 8 . If «= w/2, the terms in F 8 have in pairs like powers of X, viz., the/* 
and s +J tb . The conditions become more complicated. 
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5. To the groups in §§3-4 there correspond certain linear homogeneous 
wi-ary groups defined by single quadratic invariants. Indeed, if i" be a root of 
a congruence of degree m belonging to and irreducible in the GF [p n ~] . we 
may set 

■m — 1 m — 1 m — 1 

3=0 j = ;? = 

where i^, fa and y } are marks of the GF\_p n ~\. Then, for example, (BX) pn 
becomes & linear function of £ , £ 1( . . . . , £ m _i, since 

£p» £ 

5j $3 • 

Hence Y 8 becomes a quadratic function of the £'s. As noted above, Y s belongs 
to the GF\_p n "]. Hence our quadratic function of the £'s has for coefficients 
certain marks of the GF\_p n ~\ . The corresponding m-ary linear group is, there- 
fore, defined by a single quadratic invariant. The structure of all such groups 
has been fully determined by the writer in the American Journal of Mathe- 
matics for July, 1899. 

The Univeksity of Texas, July 14, 1899. 



